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There is a debate in course about the quantification of entanglement of indistinguishable particles and recently
a new method due to Lo Franco and Compagno (LFC) [Sci. Rep. 6, 20603 (2016)] appeared with the aim of
settling the controversies of this debate. In this work we show that the LFC approach can be recovered using the
second quantization formalism and a local single-particle basis to perform the trace over one particle state. The
use of the second quantization formalism has the advantage of being well known in many-body physics. We
also compare the LFC and second quantization approaches, or equivalently, the effect of the partial trace over
one particle depending on the local and nonlocal caracter of the single-particle basis. Additionally, we study the
role played by the exchange correlations in the quantification of entanglement of indistinguishable particles.
I. INTRODUCTION
Entanglement is a unique characteristic of quantum me-
chanics and, maybe, it is considered what makes the world of
quantum mechanics so different from the classical one. The
idea of entanglement was born with E. Schro¨dinger [1] and
used by A. Einstein, B. Podolsky, and N. Rosen as a tentative
to show that quantum mechanics was incomplete [2]. The first
direct experimental measure of bipartite entanglement was re-
ported in [3]. The interest in the study of entanglement has in-
creased since one noted that it could be used in some quantum
processes, as quantum computation [4], quantum cryptogra-
phy [5], quantum teleportation [6, 7], and superdense coding
[8].
Entanglement is also used in some processes of quantum
computing involving systems of indistinguishable particles
like quantum dots [9] and Bose-Einstein condensates in op-
tical lattices [10]. Therefore, it is necessary to have a well-
established theory to deal with entanglement of indistinguish-
able particles. According to the mathematical representation
of a state of indistinguishable particles commonly used in
texts books and many-body theories, in which it is necessary
to symmetrize the multi-particle state, the system appear to
be entangled, generating discussions if a system with only ex-
change correlations is entangled or not. Because of that, there
is a debate in course about the determination of entanglement
in systems with exchange correlations [11–23].
In order to exclude exchange correlations from states of
indistinguishable particles, a method named Slater rank has
been developed for the characterization of entanglement [11,
12]. In this method, the Slater-Schmidt decomposition, analo-
gously to Schmidt decomposition, determines that states pos-
sessing a single Slater determinant or a convex combination
of them are separable [11, 13, 14]. After applying the Slater
decomposition one can quantify entanglement using the von
Neumann entropy [12, 13]. The results presented in Ref. [13]
are similar to those presented in [19, 20], but the equality be-
tween them is achieved through a shift in the von Neumann
∗ lourenco.antonio.c@gmail.com
entropy by the quantity lnN in the former case, where N is
the number of particles in the system. To capture correlations
beyond entanglement and exchange correlations of general
mixed states, see for instance, the quantumness of correlations
of indistinguishable particles [24, 25].
Recently, a method due to Lo Franco and Compagno (LFC)
appeared with the purpose of solving the debate on entangle-
ment of indistinguishable particles [21]. In this new approach
[23, 26–28], there is no need of labeling indistinguishable par-
ticles due to symmetrization by permutation of particles. In
a later study [26], in which the authors extend their method
to Schmidt decomposition of indistinguishable particles, it is
stablished a comparison between their method and some as-
pects of the second quantization approach [12, 13]. In ref.
[22] is made a comparison between the LFC approach and an
approach based on mean values of commuting observables to
verify that the notion of entanglement is not absolute, but de-
pends on the states and the choice of the observables. In this
work we show how to recover the results of LFC [21] through
the application of the second quantization formalism and the
notion of localized partial trace. As application we explore
the entanglement of two indistinguishable particles trapped in
an asymmetric double-well system. The effect of the nonlocal
single-particle basis to take the trace over one particle and the
role played by the exchange correlations [19, 20] are analyzed
and compared to the LFC approach.
This paper is organized as follows: in the Sec. II we re-
view the LFC approach and in the Sec. III we show how to
recover the results of LFC’s method from the second quan-
tization approach. The differences between the LFC and the
second quantization approaches for a system composed of two
identical particles trapped in an asymmetric double-well are
analized in Sec. IV. In Sec. V we discuss the difference be-
tween these two measures of entanglement of indistinguish-
able particles.
II. LO FRANCO AND COMPAGNO’S METHOD
Lo Franco and Compagno developed an approach to deal
with indistinguishable particles in which it is not necessary
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2to use the symmetrization or antisymmetrization of the states
of many particles [21]. For example, two indistinguishable
particles in states labeled by φ and ψ are treated as a single
entity |φ ,ψ〉.This way of representing the state of two indis-
tinguishable particles is interesting provided that its notation
does not induce naturally the reader to consider it entangled,
as occurs with the usual notation of two-particle state due to
the symmetrization postulate. Instead, what is symmetrized is
the inner product, which for two particles has the form,
〈ϕ,ζ |φ ,ψ〉 ≡ 〈ϕ|φ〉〈ζ |ψ〉+η 〈ϕ|ψ〉〈ζ |φ〉 , (1)
with η = 1 for bosons and η =−1 for fermions. Thus, if the
probability amplitude of finding two particles in the same state
is measured, one has 〈ϕ,ϕ|φ ,ψ〉= (1+η)〈ϕ|φ〉〈ϕ|ψ〉. For
fermions, the probability amplitude is zero, obeying the Pauli
exclusion principle, and for bosons, it has maximum value.
From symmetry and linearity of one-particle states in equa-
tion 1, one can write the symmetric inner product of states
with spaces of different dimensionality. Then, considering
|Φ˜〉 = |ϕ1,ϕ2〉 the unnormalized state of two identical parti-
cles, the inner product with a single-particle state |ψk〉 is
〈ψk| · |ϕ1,ϕ2〉 ≡ 〈ψk|ϕ1,ϕ2〉=〈ψk|ϕ1〉 |ϕ2〉
+η 〈ψk|ϕ2〉 |ϕ1〉 .
(2)
This is a projective measurement on a single particle, where
the unnormalized two particle state is projected onto |ψk〉.
Therefore, the normalized reduced pure-state of a single par-
ticle is
|φk〉= 〈ψk|Φ〉√
〈Π(1)k 〉Φ
, (3)
where 〈ψk|Φ〉 is obtained from Eq. (2) and Π(1)k = |ψk〉〈ψk|
is an one-particle projection operator. Notice that |Φ〉 =
1√
N
|Φ˜〉 is the normalized two-particle state, with N = 1+
η | 〈ϕ1|ϕ2〉 |2.
Defining the one-particle identity operator as I(1) =∑kΠ
(1)
k
and using the linearity property of the projection operators,
|ψk〉〈ψk| · |ϕ1,ϕ2〉 ≡〈ψk|ϕ1〉 |ψk,ϕ2〉
+η 〈ψk|ϕ2〉 |ϕ1,ψk〉 ,
(4)
we obtain,
I(1) |Φ〉= 2 |Φ〉 , (5)
so that the probability of obtaining the state |ψk〉 is pk =
〈Π(1)k 〉Φ /2.
The partial trace in the LFC approach differs from the usual
way of obtaining the partial trace of distinguishable particles
only by the inner product. In such approach the partial trace
is taken as follows
Tr(1) |Φ〉〈Φ|=∑
k
〈ψk|Φ〉〈Φ|ψk〉 , (6)
with the normalized reduced density matrix given by
ρ1 =
1
2
Tr(1) |Φ〉〈Φ|=∑
k
pk |φk〉〈φk| . (7)
The factor 1/2 appears in the above equation due to condition
(5).
In the LFC approach the authors define a local measurement
on one particle as the one performed on a region of space M
(site or spacial mode), where the particle has nonnull proba-
bility of being found [21]. According to this definition, the lo-
calized partial trace, i.e., that one taken over a single-particle
local basis, is somewhat different from its usual form, which
one is taken over a complete basis involving all degrees of
freedom of a single particle. When we are dealing with in-
distinguishable particles, it is called nonlocal single-particle
basis [26]. Therefore, performing the localized partial trace,
we obtain the reduced density matrix
ρ(1)M = (1/NM)Tr
(1)
M |Φ〉〈Φ| , (8)
whereNM is a normalization constant such that Tr(1)ρ
(1)
M = 1.
In order to quantify entanglement between two particles, it is
used the entanglement entropy
EM(|Φ〉)≡ S(ρ(1)M ) =−∑
i
λi lnλi, (9)
where S(ρ) = −Tr(ρ lnρ) is the von Neumann entropy and
λi are the eigenvalues of ρM(1).
III. RECOVERING THE LFC RESULTS
First we apply the LFC method to a general pure state of
two identical particles to obtain the reduced density matrix of
one particle. Then we compare it with the reduced density ma-
trix obtained through the second quantization formalism and
partial trace on a local single-particle basis. Once the reduced
density matrices are equal, both have the same spectrum and
consequently the same amount of entanglement.
A. LFC’s method
Let us consider, in accordance with the LFC’s method, a
general state describing two identical particles
|Ψ〉= ∑
α,β ,i, j
Cαiβ j |αi,β j〉 , (10)
where Greek symbols (α,β ) refer to spatial labels while Ro-
man letters (i, j) refer to complementary degrees of freedom
of a particle, as spin, for instance. The density matrix for this
state is
ρ = |Ψ〉〈Ψ|= ∑
α,β ,i, j
∑
γ,φ ,k,l
Cαiβ jC
φ l∗
γk |αi,β j〉〈γk,φ l| . (11)
3Without loss of generality, we will assume that all labels
used to identify the orthogonal modes of a particle are finite,
α,β ,γ,φ = {ξ1,ξ2, ...,ξs} and i, j,k, l = {z1,z2, ...,zt}. Per-
forming the localized partial trace in only one region of space,
say ξ1, we obtain the nonnormalized density matrix
ρ˜(1)M =TrM(ρ)=
zt
∑
m=z1
〈ξ1m|ρ |ξ1m〉=
zt
∑
m=z1
∑
α,β ,i, j
∑
γ,φ ,k,l
Cαiβ jC
φ l∗
γk (〈ξ1m|αi〉〈φ l|ξ1m〉 |β j〉〈γk|
+η 〈ξ1m|αi〉〈γk|ξ1m〉 |β j〉〈φ l|
+η 〈ξ1m|β j〉〈φ l|ξ1m〉 |αi〉〈γk|
+〈ξ1m|β j〉〈γk|ξ1m〉 |αi〉〈φ l|)
=
zt
∑
m=z1
(
∑
β , j
∑
γ,k
Cξ1mβ j C
ξ1m∗
γk |β j〉〈γk|
+η∑
β , j
∑
φ ,l
Cξ1mβ j C
φ l∗
ξ1m
|β j〉〈φ l|
+η∑
α,i
∑
γ,k
Cαiξ1mC
ξ1m∗
γk |αi〉〈γk|
+∑
α,i
∑
φ ,l
Cαiξ1mC
φ l∗
ξ1m
|αi〉〈φ l|
)
.
(12)
In the above equation we have used Eq. (1) to evaluate the
inner product. Observe that for our purposes it is enough to
compare the reduced density matrices in both methods.
B. Second quantization formalism
Inspired by some methods that use the second quantization
formalism to calculate entanglement between indistinguish-
able particles [19, 20], we show how to recover the LFC re-
sults through this well known formalism used in many-bodies
physics. Defining F LN as the Fock space of N particles in
which each one occupies L modes, a general state |ψ〉 ∈F LN
can be written as
|ψ〉=
L
∑
φ1,...,φN=1
cφ1,...,φN a
†
φ1 ...a
†
φN |0〉 , (13)
where a†φ j are bosonic or fermionic creation operators of the
orthonormal modes φ j and |0〉 is the vacuum state. To cal-
culate the entanglement between m and N−m particles, one
takes the trace of m particles as follows
ρ˜N−m = Tr1 ...Trm(|ψ〉〈ψ|), (14)
with Tr1 being the trace over one particle and Tr1 ...Trm over m
particles. Notice that ρ˜N−m is a nonnormalized density matrix
and we do not know which particle is being traced, since they
are indistinguishable. The trace we are referring to here is
taken over the complete basis of all degrees of freedom of one
particle [19, 20], as shown below
Tr1(|ψ〉〈ψ|) =
L
∑
φ j=1
〈0|aφ j |ψ〉〈ψ|a†φ j |0〉 . (15)
However, it can be changed depending on our purposes, as
will be clear below.
To apply this formalism to the general pure state of two
particles (10), first we write the density matrix in the second
quantization formalism as,
ρ = |Ψ〉〈Ψ|= ∑
α,β ,i, j
∑
γ,φ ,k,l
Cαiβ jC
φ l∗
γk a
†
αia
†
β j |0〉〈0|aγkaφ l . (16)
In order to compare with the LFC approach, we can take the
localized partial trace in Eq. (16), i.e., to apply the procedure
(15) restricted to spatial modes. Thus, the nonnormalized re-
duced density matrix for one particle is
ρ˜1 =
zt
∑
m=z1
〈0|aξ1mρa†ξ1m |0〉
=
zt
∑
m=z1
[
∑
α,β ,i, j
∑
γ,φ ,k,l
Cαiβ jC
φ l∗
γk
(δξ1αδmia
†
β j +ηδξ1βδm ja
†
αi) |0〉
〈0|(δξ1φδmlaγk +ηδξ1γδmkaφ l)
]
=
zt
∑
m=z1
(
∑
β , j
∑
γ,k
Cξ1mβ j C
ξ1m∗
γk a
†
β j |0〉〈0|aγk
+η∑
β , j
∑
φ ,l
Cξ1mβ j C
φ l∗
ξ1m
a†β j |0〉〈0|aφ l
+η∑
α,i
∑
γ,k
Cαiξ1mC
ξ1m∗
γk a
†
αi |0〉〈0|aγk
+∑
α,i
∑
φ ,l
Cαiξ1mC
φ l∗
ξ1m
a†αi |0〉〈0|aφ l
)
,
(17)
where we used the commutation relation [aωq,a
†
pir]η =aωqa
†
pir
−ηa†piraωq = δωpiδqr. As can be seen, the reduced density
matrices (12) and (17) are equal. Therefore, it is enough to
use the von Neumman entropy of the density matrix (17) nor-
malized to obtain the same expression of LFC [21] for the
entanglement of particles.
IV. APPLICATION
At follows we explore an example already debugged in Ref.
[21] to understand the role played by the localized partial trace
and particle statistics [29]. The system is composed by two
particles in an asymmetric double well represented by the fol-
lowing state,
|ψ〉= a |L ↑,B ↓〉+beiθ |L ↓,B ↑〉 , (18)
with |B〉 = χ |L〉+
√
1−χ2 |R〉, b = √1−a2, χ = 〈L|B〉,
0≤ χ ≤ 1, and 〈L|R〉= 0. L and R describe the spatial modes
of the left and right wells, respectively. Furthermore, these
particles have spin 1/2 represented by the states {|↑〉 , |↓〉}. It
is important to observe that the state (18) is represented ac-
cording to Ref. [21], i.e., the symmetrization postulate has
4not been used in such description. This state describes one
particle localized in the left well while the other one can tun-
nel from the right to the left well, but the contrary does not
happen. The state (18) can be rewritten in a more detailed
way as
|ψ〉=
(
a+ηbeiθ
)
χ |L ↑,L ↓〉+
a
√
1−χ2 |L ↑,R ↓〉+beiθ
√
1−χ2 |L ↓,R ↑〉 .
(19)
To quantify the entanglement of particles according to the sec-
ond quantization formalism, we define first the single particle
basis in F 41 as {|L ↑〉 , |L ↓〉 , |R ↑〉 , |R ↓〉}. Then, writing the
state (19) as specified by this this formalism, we obtain
|ψ〉=
(
a+ηbeiθ
)
χa†L↑a
†
L↓ |0〉+a
√
1−χ2a†L↑a†R↓ |0〉
+beiθ
√
1−χ2a†L↓a†R↑ |0〉 .
(20)
To recover the results presented in ref. [21] we perform the
localized partial trace on the left well. This procedure is im-
plemented by using Eq. (15) with the restriction of taking the
trace over the left spatial modes {aL↑ |0〉 ,aL↓ |0〉}. Then, the
normalized reduced density matrix is
ρ1 =
1
N1
 c1 0 c4 00 c1 0 c5c∗4 0 c2 0
0 c∗5 0 c3
 , (21)
where
c1 = χ(1+2abη cosθ),
c2 = b2(1−χ),
c3 = a2(1−χ),
c4 = ηbe−iθ (a+ηbeiθ )
√
(1−χ)χ,
c5 = a
(
a+ηbeiθ
)√
(1−χ)χ,
N1= 2c1+c2+c3=1+χ(1+4ηabcosθ).
(22)
We highlight that the reduced density matrix (21) is the same
one as obtained in Ref. [21]. The entanglement between the
particles is measured by the von Neumann entropy of the den-
sity matrix (21)
ELT (|Ψ〉) =−Tr(ρ1 lnρ1) =−
4
∑
i=1
λi lnλi, (23)
whose eigenvalues are expressed by
λ1 =
a2+χ
(
b2+2ηabcosθ
)
1+χ (1+4ηabcosθ)
,
λ2 = 1−λ1,
λ3 = λ4 = 0.
(24)
In Fig. 1, ELT (|Ψ〉) is plotted as function of a2 for θ = 0 and
χ = 0.3 for indistinguishable (blue dotted-dotted-dashed line
FIG. 1. Entanglement of bosons, fermions, and distinguishable
particles according two different approaches as function of the di-
mensionless parameter a2 with θ = 0. In one case the entangle-
ment ELT (|Ψ〉) between bosons (blue dotted-dotted-dashed line) and
fermions (red dotted-dashed-dashed line) is obtained by performing
the trace of one particle only in the left well, while in the other case
the entanglement ESQ(|Ψ〉) between bosons (blue dotted line) and
fermions (red dashed line) is obtained tracing over a complete basis,
i.e., taking the trace over all degrees of freedom of a particle. In both
cases the entanglement between bosons and fermions was calculated
for the overlap parameter χ = 0.3. When χ = 0 (black continuous
line) the particles are spatially separated and become distinguishable
so that both entanglement measures coincide.
for bosons and red dotted-dashed-dashed line for fermions)
and χ = 0 for distinguishable particles (black continuous
line). To understand the role played by the localized par-
tial trace and the particle indistinguishability on the entan-
glement of indistinguishable particles, we compare the re-
sults obtained above with the approaches developed in refs.
[19, 20]. In the later case, named second quantization ap-
proach, the entanglement measure also employs the von Neu-
mann entropy, but with different features: i) the reduced den-
sity matrix is obtained through the trace over the entire de-
grees of freedom of one particle, which in the present example
is {aL↑ |0〉,aL↓ |0〉,aR↑ |0〉,aR,↓ |0〉}; ii) the quantity lnN is dis-
counted from the entanglement of N particles, so that in this
case it becomes − ln2. Then, the normalized reduced density
matrix
ρSQ1 =
1
2(N1− c1)
 c1+ c3 0 c4 00 c1+ c2 0 c5c∗4 0 c2 0
0 c∗5 0 c3
 . (25)
furnishes the following eigenvalues
ωη1 = ω
η
2 =
1
4
1+
√
1− 4a2(1−a2)(1−χ)2[
2
√
a2(1−a2)χ cosθ+η
]2
 (26)
and
ωη3 = ω
η
4 =
1
4
1−
√
1− 4a2(1−a2)(1−χ)2[
2
√
a2(1−a2)χ cosθ+η
]2
,
(27)
5which, by its turn, provides the final expression for the entan-
glement measure
ESQ(|Ψ〉) =−Tr
(
ρSQ1 lnρ
SQ
1
)
− ln2 =−
4
∑
i=1
ωηi lnω
η
i − ln2.
(28)
In Fig. 1 ESQ(|Ψ〉) is plotted as function of a2 for θ = 0
and χ = 0.3 for indistinguishable particles (blue dotted line
for bosons and red dashed line for fermions) and χ = 0 for
distinguishable particles (black continuous line).
V. DISCUSSION AND FINAL REMARKS
We have shown that through the second quantization for-
malism, a very well known tool in many-body physics, to-
gether with the localized partial trace over one particle, it is
possible to restore the results of the new approach developed
by LFC. From the conceptual point view, a state of two parti-
cles described according to the second quantization formalism
|Π〉 = a†ja†k |0〉 does not invoke the necessity of symmetriza-
tion postulate, since it means the creation of two particles,
one in state j and another in state k. The symmetrization of
the inner product in LFC approach meets its counterpart in
the commutation relations between creation and annihilation
operators, which define the inner product of states written in
second quantization. In other words, once ai |0〉= 0, it is nec-
essary to perform the normal ordering of creation and anni-
hilation operators to evaluate the expected value of quantum
operators composed by creation and annihilation operators in
arbitrary order [30].
The impossibility of distinguishing spatially the particles is
determined by the parameter χ > 0. In the case in which the
particles become distinguishable χ = 0, see the black contin-
uous line in Fig. 1, both measures of entanglement agree, as
waited. This property emphasizes the relevance of the term
− ln2 in the measure ESQ (|Ψ〉), which points the necessity of
ruling out the contributions coming from the exchange cor-
relations between the particles. This becomes clear for sin-
gle Slater determinant/permanent states like |Π〉= a†ja†k |0〉 in
which the von Neumann entropy of the reduced state of one
particle is equal to ln2.
Another important aspect of the LFC approach is the role
played by the localized partial trace. In order to observe its
effect we compare the von Neumann entropies of ρ1 and ρSQ1 ,
or equivalently, ELT (|Ψ〉) and ESQ(|Ψ〉)+ ln2, respectively.
We notice that the partial trace limits the access to the amount
of information of the reduced density matrix of one particle
ρ1, and consequently, the amount of entanglement. Addition-
ally, when ELT (|Ψ〉) [21] is compared to ESQ(|Ψ〉) [19, 20],
we observe that the former measure takes in to account contri-
butions coming from exchange correlations between the parti-
cles. Therefore, relatively to the second quantization measure
of entanglement (28), the LFC approach has a hybrid aspect
between entanglement of particles and of modes.
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